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Abstract 

The empirical results show that after the introduction of the three refinements to the 
Linked Exchange Rate system in May 2005 the Hong Kong dollar follows a bounded 
process that is consistent with a fully credible exchange rate band.  The bounded process 
will limit the movements of the exchange rate to between the strong- and weak-side limits 
because its variance vanishes at the Convertibility Undertakings making it inaccessible to 
the limits.  The Hong Kong dollar does not show any strong tendency to revert towards the 
centre of the Convertibility Zone.  This is perhaps not surprising as there have been no 
interventions in the foreign exchange market since May 2005.  There may be few forces or 
incentives for market participants to drive the exchange rate towards 7.80. 
 
 
JEL classification: F31; G13 
 
Keywords: Linked Exchange Rate system; target zone; mean reversion; bounded process 
 
Author’s E-mail Address:  
chhui@hkma.gov.hk; tom_pw_fong@hkma.gov.hk 
 
 
 
 
The views and analysis expressed in this paper are those of the authors, and do not 
necessarily represent the views of the Hong Kong Monetary Authority. 
 

                                                 
1 The authors  gratefully acknowledge useful comments from Hans Genberg & Chi-Fai Lo. 



 2 

 
 
Executive Summary 
 
• Policy literature has argued that for a target zone to be credible, the currency 

exchange rate should have a specific statistical property – a mean-reversion.  There is 
however no strong empirical evidence to show that the Hong Kong dollar possesses 
such a property after the introduction of the three refinements in May 2005 – which 
essentially made the Linked Exchange Rate system a target zone.  Instead it follows a 
bounded process. 

 
• A bounded process for the currency in a credible target zone can be attributed to 

potential central bank intervention and the ability of the central bank to defend the 
band.  As long as the exchange rate is “well within” the band, market participants 
behave as if they are in a comfort zone and do not feel particularly compelled or 
encouraged to pull the exchange rate towards the central parity.  However, when the 
exchange rate moves closer to the boundary, the market may anticipate an 
intervention and push the rate back.  Simply put, a bounded process contains a 
reversion effect that only occurs close to the boundaries of the zone, but not in or 
around the middle.  Statistically, it is therefore possible for the random walk and 
bounded properties to co-exist, and together they are consistent with a credible system. 

 
• To test this hypothesis, we use the maximum-likelihood technique to estimate the 

parameters of the bounded process using the daily Hong Kong dollar spot rates from 
18 May 2005 to 29 August 2007.  The results show that the process is adequately fitted 
and all parameters are statistically significant.  The volatility is at the maximum 
(about HK$0.048 annually or HK$0.003 daily) near the central parity of 7.8 and 
approaches zero at the strong-and weak-side limits. 
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I. INTRODUCTION 
 
 It has been argued in the policy literature that for an exchange rate 
target zone, the mean-reverting property of the currency is a sign that the market 
judges the zone to be credible.  The introduction of the three refinements to the 
currency board in May 2005 has essentially made the Linked Exchange Rate 
system a target zone.  Despite the relatively short history, this gives us an 
opportunity to study the properties of the Hong Kong dollar under the new 
arrangement and, in particular, whether the currency follows a mean-reverting 
process.  
 
 The driving force behind the mean-reverting property has been 
widely debated.2  Some attribute it to central bank intervention within the target 
zone. 3   Others argue that credibility induces “stability speculation” by market 
participants, producing forces to pull the exchange rate back to the central parity 
whenever it drifts away too much from it.  Many empirical studies attempted to 
investigate this theoretical prediction by examining the time-series properties of 
the European currencies in the era of the Exchange Rate Mechanism.  
Unfortunately, the results of these studies were mixed.4  Some of the currencies 
were found to follow a random-walk process. 
 
 A school of thought argues that the fact that the exchange rate 
behaves as a random-walk is not necessarily inconsistent with a credible target 
zone, provided that it is a bounded process.5   There are many reasons for the 
exchange rate to have such a property, the most obvious one being potential 
central bank intervention and the ability of the central bank to defend the band.  
As long as the exchange rate is “well within” the band, market participants 
behave as if they are in a comfort zone and do not feel particularly compelled or 
encouraged to pull the exchange rate towards the central parity.  However, when 
the exchange rate moves closer to the boundary, the market may anticipate an 
intervention and push the rate back suddenly.  Simply put, a bounded process 
contains a reversion effect that only occurs close to the boundaries of the zone but 
not in or around the middle.  Statistically, it is thus possible for the random walk 
and bounded properties to co-exist, and together they are consistent with a 
credible system. 

                                                 
2 For example, Krugman (1991), Svensson (1993), Rose and Svensson (1994), and Anthony and 

MacDonald (1998). 
3 But the exchange rate may not exhibit such a property if intervention occurs only at the limits of the 

target zone. 
4 For example, Ball and Roma (1994), Svensson (1993), Rose and Svensson (1994), Nieuwland et al. 

(1994), Anthony and MacDonald (1998, 1999), and Kanas (1998). 
5 See Nicolau (2002). 
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 This paper examines the dynamics of the daily Hong Kong dollar 
spot rate since the introduction of the three refinements in May 2005 and 
investigates whether its dynamics follows a mean-reverting process or a bounded 
process.  The dynamics is empirically tested in the following two sections.  
Section IV presents the analytical analysis of the bounded process.  The final 
section concludes the findings. 
 
 
II. M EAN-REVERTING PROCESS  
 
 We study the dynamics of the daily Hong Kong dollar spot rate from 
18 May 2005 to 29 August 2007 based on the augmented Dickey-Fuller (ADF) 
test and the variance-ratio (VR) test to determine whether the time series exhibit 
stationary and mean-reverting properties. 6,  7   Table 1 shows the mean, ADF test 
and VR test statistics of the spot rates.  Under the null hypothesis of the presence 
of a unit root, the ADF test statistic  for the level accepts the null hypothesis at the 
5% level of significance.  This suggests that the time series is not stationary in 
level.  However, the VR test rejects the hypotheses of random walk and mean 
aversion only for a 5-day horizon at a 10% level of significance.  For other time 
horizons, the VR test shows that the time series does not exhibit any mean-
reverting property in level.   As a result, there is limited evidence to support that 
the time series exhibits a mean-reverting property in level. 8 
 
 The results show that there does not exist a strong driving force in 
the Hong Kong dollar exchange rate dynamics to pull the rate towards the central 
parity. 

                                                 
6 The basic characteristics of a typical stationary time series are that the series fluctuates around a constant 

long-term mean, and its variance and covariance are finite and t ime-invariant. One of the commonly used 
unit root (stationarity) tests is the ADF test. The ADF test constructs a parametric correction for higher-
order correlation by assuming that a time series process (y) follows an AR(p) process and adds p lagged 
diffe rences of y to the test regression of: 

 tpttttt yyyy εββαγ +∆++∆++=∆ −−− ...111  

 We test the null hypothesis (the presence of a unit root) of α = 0 against the alternative hypothesis of 

α < 0.  The test is evaluated using the conventional t-ratio for α ( αt ) such that: 

))((/ ααα
)) set = , 

 where α)
 is the estimate of α  and )(α

)
se is the coefficient standard error. 

7 The VR at lag K is defined as the ratio of the variance of the K-period return to the variance of the one-
period return divided by K. A unity VR means that the time series is a random process. The time series is 
considered to be mean reverting if the VR is significantly smaller than one. If the VR is significantly 
larger than one, the time series is considered to be under a mean aversion.  Further details are in Kim et al. 
(1991). 

8 The rejection of stationarity does not necessarily mean the rejection of mean reversion.  For instance, a 
time series process which is  a sine-wave signal with white noise may not pass the test of stationarity.  But 
it may pass the test of mean reversion because the time series process always goes back to the mean 
regularly. 
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Table 1.  Statistics of HKD exchange rate (18 May 2005 – 29 August 2007) 

 Spot rate 

 Level Daily change 

Mean 7.7807 1.48 x 10-5 

ADF test 
statistics1 -0.9950

 

-24.9041**

 
Variance ratio test 
statistics2 -1.7491*

 

-9.2879**

 
Observations 596 596 

 

Notes: 1. ADF statistics are from the ADF unit root test.  The critical ADF 
value at the 5% significance level is -2.86.  ** and * indicate 
significant at the 5% and 10% levels respectively. 

2. The variance ratio test statistic is the difference between the 
variance ratio at a 5-day horizon and unity over the standard 
deviation.  Asymptotically, it converges to standard normal 
distribution.  At 5% and 10% levels of significance, the critical 
values are -1.96. and -1.65 respectively. 

 
 
III. BOUNDED PROCESS  
 
 Next we test whether the Hong Kong dollar spot exchange rate 
behaves like a bounded process in the Linked Exchange Rate system.  To do so 
we hypothesise that the exchange rate follows a random walk most of the time,  
but that it tends to bounce off the Convertibility Undertaking (CU) levels 
whenever it comes close to them.  Formally, we adopt the following specification 
of the bounded process: 
 

 ( ) ( ) ttttttt dzxxdtxxdx γσθκ ln~lnln −+−=  (1) 

 
where the Hong Kong dollar exchange rate S is transformed into x  with a scale 
from zero to one: 
 

75.785.7
75.7

−
−

= t
t

S
x , (2) 

 

( ) 222 ln~ xx γσ − is the variance that depends on the level of S, γ  is a real number, dz  

is a standard random process and κ determines the speed of adjustment towards a 
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mean of θ. 9  It is noted that x  is between zero and one as S is between 7.75 and 
7.85 (see Chart 1).  The mean-reverting drift in the exchange rate dynamics makes 
the specification more general. 10  If the coefficient γ  is positive, the process will 

be bounded, because when S gets very close to either of the CUs (7.75 and 7.85), 
the variance of the exchange rate vanishes. 11   This in turn implies that the 
exchange rate is unlikely to touch either CU.  The larger is γ , the more sensitivity 

is the variance of the exchange rate process to the distance from the target zone 
limit. 
 

Chart 1.  Spot exchange rate and transformed rate of HKD 
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 To test the above hypothesis, the continuous- time model specified in 
equation (1) is estimated using a discrete- time econometric specification as:12 

 tt
t

tt x
x

xx
εφα +−=

−
−

−

− )ln( 1
1

1  (3) 

 γσσεε 2
1

222 )ln(~)|(,0)( −−=== tttt xxEE . (4) 

                                                 
9 The specification of the bounded process is generalised from the specification used in Lo (2007). 
10 The result of the VR test in the previous section shows that a mean-reverting drift could be present. 
11 When S converges to 7.75, (-lnx)γx will converge to zero.  On the other hand, when S is 7.85, x is 1 and 

lnx is zero, hence (-lnx)γx is zero. 
12 This discrete-time econometric specification is used for testing the continuous-time models of US interest 

rates in Bali (1999). 
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 The parameter α  and φ  have the same meaning as κ and θln  in 

equation (1).  In addition, the variance is modelled by the conditional 

heteroskedasticity through the lagged rate of γ)ln( tx− .  The parameters in 

equations (3) and (4) of the discrete- time econometric model are estimated using 
the maximum likelihood technique. 
 
 The estimation results are presented in Table 2.  The Ljung-Box test 
statistics suggest that the model is adequately fitted because the standardised 
residuals are not serial correlated and not heteroskedastic .13,  14  The parameters for 
the drift, α  and φ , are estimated to be 0.01 and -0.76 respectively, while the 

parameter for the variance, σ~  and γ , are 0.08 and 0.86 respectively.  The 

coefficients are all statistically significant.  The annualised volatility in the 
exchange rate at different levels under the bounded process is shown in Chart 2.  
The volatility is at the maximum (about HK$0.048 annually or HK$0.003 daily) 
near the central parity of 7.80 and approaches zero at the strong-  and weak-side 
limits.15 
 

Table 2.  Maximum likelihood estimations of discrete -time econometric model 

Parameter Variable  Estimated 
Coefficients  

Standard Error P-value  

α 0.0111*  0.0049  0.0240  

φ  -0.7580**  0.2778  0.0064  

σ  0.0814** 0.0015  0.0000  

γ  0.8612**  0.0168  0.0000  
    
Log likelihood 536.6340   
Ljung-Box test on 
standardized residuals up 
to lag 24 

31.0360  0.153 

Ljung-Box test on 
squared standardized 
residuals up to lag 24 

26.0870  0.349 

Observations  596  

Notes: ** and * denotes coefficient significant at the 1% and 5% levels respectively.  

                                                 
13 The Ljung-Box test, similar to the Portmanteau test, identifies whether the autocorrelations among data 

are jointly zero up to a specified lag.  Compared with the Portmanteau test, it is more powerful.  
Accepting the null hypothesis of the test means that the data is not serial correlated. 

14 The standardised residual is the residual divided by the estimated volatility.  If the model fits well, the 
standardised residuals will be serial uncorrelated and homoskedastic.  The homoskedasticity can be 
checked by the Ljung-Box test on the jointly zero-autocorrelation among the squared standardised 
residuals . Accepting the null hypothesis of the test suggests that the standardised residuals are 
homoskedastic.  See McLeod and Li (1983) for details. 

15 The changes are not symmetric at the central parity because most of the time the exchange rates had 
stayed in the strong-side Convertibility Zone since the introduction of the three refinements. 
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Chart 2.  Annualised volatility in HKD exchange rate at different levels  
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 To illustrate the dynamics of the exchange rate, Chart 3 shows two 
simulated paths of the Hong Kong dollar for 250 days under the bounded process 
with the estimated parameters.  The paths are selected on the basis of the 25% and 
75% of the end-points of 10,000 simulations.  The movements of the exchange 
rate are more volatile at the central parity and less volatile near the strong-  and 
weak-side limits. 
 

Chart 3.  Two selected simulated paths of HKD exchange rate  
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IV. ANALYTICAL ANALYSIS OF BOUNDED PROCESS 
 
 In this section, the bounded process with a special case of γ = 0.5 is studied 
analytically.16  We let the weak-side limit be US  and the strong-side limit be LS .  With the 

variable of ( ) ( )LuL SSSSx −−= / , the interest rate differential r∆  in relation to the 

domestic (Hong Kong dollar) and foreign (US dollar) interest rates (i.e. r and r*) 
respectively is expressed as 

 ( ) ( )*1 rr
xSS

S
r

LU

L −







−

+=∆  (5) 

Under a no-arbitrage environment, equation (1) becomes 

 ( )[ ] dzxxxdtrxdx lnlnln −+∆+−= σθκ ,  10 << x  (6) 

With changing variables of  

 








−
−

−=

−=

Lu

L

SS
SS

xy

ln

ln

 ,         ∞<< y0  (7) 

where ∞→y  corresponds to LSS → and 0→y  corresponds to USS → , equation 

(6) becomes 

dzdty
y

dy
22

1 σξν −







−=  (8) 

where 2

2
1

σκξ −=  and 



 +∆+−= 2

4
1

ln σθκν r .  The equation governing the transition 

probability density function ( )tyu , associated with the stochastic process specified in 

equation (8) is 

( ) ( ) ( )















−

∂
∂

−
∂

∂
=

∂
∂

tyuy
yyy

tyu
t

tyu
,

2
1,

8
1,

2

2
2 ξ

ν
σ  (9) 

and the solution of the equation is given by17 

 

( ) ( ) ( )

( )[ ]
( )
( )[ ]

( ) 








×






 +
−

×












 +

=

−

+−

tc
tcyy

I

tc
tcyy

tcyy
tc

tyu

3

20

2
1

3

2
22

0

2/1

2
11

0
3

2/exp

2
exp

exp

2
3

exp
1

,

β

ββ β

 (10) 

                                                 
16 The analytical solution of the transition probability density function is only available for γ = 0.5. 
17 The derivation can be found in page 238 in Karlin and Taylor (1981). 
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where 

  ( )

( )











−

−
=







 −=

=









−

1

2
1

4
1

2
1

4

2

2
1

2

2

3

2
2

2

t

etc

ttc

σκ

σκ

σ

σκ

σ
νβ

 

ψI  is the modified Bessel function  

( ) ( )
( )∑

∞

=

+

++Γ
=

0

2

1!
2/

k

k

kk
z

zI
ψ

ψ

ψ  

 
and ( ).Γ  is the gamma function.  From equation (10), the transition probability density 

function of S is 
 

( ) ( )
( )( )

( )











−
−

−

−
−

−−
=

−−
=

t
SS

SS
u

SS
SS

SS

SSyy
tyu

tSP

Lu

L

Lu

L
L

LU

,ln
ln2

1

exp2
,

,
2

 (11) 

 
 The probability density function of the Hong Kong dollar exchange 
with the estimates in Table 2 and %1.0−=∆r  in time horizons of one month, three 
months and six months is plotted in Chart 4.  The peak of the probability density 
function shifts to the strong-side limit over time because of the negative interest 
rate differential r∆ . 
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Chart 4.  Probability Density Function for HKD/USD Spot Rate 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 The strong-side limit ( LSS = ) is a natural boundary (as ∞=y ) for all 

specifications of β , where the probability density function is zero.  The exchanger rate 
takes infinite time to move towards the boundary, therefore, the strong-side limit is 
inaccessible.  The exchange rate dynamics at the weak-side limit ( USS = ; 0=y ) however 

depends on the parameter 

    ( )
2

2

2
1
ln21

4

σ

θκ
σ

ν
β

r∆+−−=

=

 

in equations (10) and (11), where ( )r∆+θκ ln2  is the drift.  The dynamics can be 

classified into the following three conditions :18 
 

(i) 1>β , i.e. ( ) 0ln <∆+ rθκ  and ( ) 2

2
1

ln σθκ >∆+ r  

 When the exchange rate is approaching the weak-side limit, the drift is 
strong enough to push the exchange rate towards the central parity under this condition.  
The weak-side limit is inaccessible and the probability density function at the limit is zero.  
The dynamics of the exchange rate is thus completely bounded between the strong- and 
weak-side limits. 

                                                 
18 See Chapter 15 in Karlin and Taylor (1981). 

0

10

20

30

40

50

7.75 7.76 7.77 7.78 7.79 7.80 7.81 7.82 7.83 7.84 7.85
HKD/USD Spot Rate

P
ro

ba
bi

lit
y 

D
en

si
ty

 (
%

)

1 month

3 months

6 months



 12 

 

(ii) 11 <<− β , i.e. ( ) 0ln <∆+ rθκ  and ( ) 2

2
1

ln0 σθκ <∆+< r  

 Under this condition, the weak-side limit is accessible as the drift is not 
strong enough relative to the volatility to restore the exchange rate towards the central 
parity.  The exchange rate will be “sticky” at the limit over time, while the dynamics of 
the exchange rate is still bounded inside the zone. 
 
(iii) 1−≤β , i.e. ( ) 0ln ≥∆+ rθκ  

 The bounded process specified in equation (6) is not valid under this 
condition.  The exchange rate could exit the zone at the weak-side limit in finite time and 
the transition probability density function in equation (11) is therefore not normalisable. 
 
 In summary, the exchange rate is bounded at the strong-side limit for all 
specifications of β  and at the weak-side limit when 1−>β  (i.e. ( ) 0ln <∆+ rθκ ).  The 

bounded process is not valid only if ( ) 0ln ≥∆+ rθκ , where the interest rate differential 

r∆  is positive (i.e. the Hong Kong dollar interest rate is higher than the US dollar interest 
rate) and larger than θκ ln  (which is negative) in absolute terms.  Since the introduction 
of the three refinements to the currency board in May 2005, the interest rate 
differential has been negative.  Therefore, the market condition has been consistent with 
the bounded process.  
 
 

V. CONCLUSION 
 
 The results show that after the introduction of the three refinements 
to the Linked Exchange Rate system in May 2005 the Hong Kong dollar does not 
show any strong tendency to revert towards the centre of the Convertibility Zone.  
This is perhaps not surprising as there have been no interventions in the foreign 
exchange market since then. 
 
 The results of the empirical tests also suggest, however, that the Hong Kong 
dollar follows a bounded process, one that is consistent with a fully credible exchange rate 
band.  The bounded process will limit the movements of the exchange rate close to the 
strong- and weak-side limits because its variance vanishes at the CUs making it almost 
inaccessible to the limits.  Although there may be few forces or incentives for market 
participants to drive the exchange rate towards 7.80, relatively large movements of the 
exchange rate towards the central parity are expected when the exchange rates moves 
close to either side of the band.  This occurred when the exchange rate moved from the 
strong-side Convertibility Zone towards the 7.80 level in January 2007 and the reverse 
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movement from the weak-side Convertibility Zone towards the central parity was 
observed in August 2007. 
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